We extend the live-cell motility Filament Based Lamellipodium Model to incorporate the forces exerted on the lamellipodium of the cells due to cell-cell collision and cadherin induced cell-cell adhesion. We take into account the nature of these forces via physical and biological constraints and modelling assumptions. We investigate the effect these new components have in the migration and morphology of the cells through particular experiments. We exhibit moreover the similarities between our simulated cells and HeLa cancer cells.
Introduction.
Cell adhesion is a key process in a wide range of biological phenomena. It usually acts together with cell migration and plays a fundamental role in the development of the organism e.g. during the gastrulation and the patterning phases of a vertebrates' body. They both remain important even after development for the maintenance and repair of the cell and tissue structure. On the other hand, their dysregulation has been associated to a number of diseases and conditions including tumour metastasis.
Cell adhesion is the result of interactions between specialized proteins found at the surface of the cells termed cell-adhesion molecules (CAM). The CAMs are divided into four main groups: integrins, immunoglobulins, cadherins, and selectins. Out of these, the integrins participate primarily in the cellextracellular matrix (ECM) adhesion and play a pivotal role in the migration of the cells, and the cadherins (calcium dependent adhesions) are fundamental in cell-cell adhesion and in the formation of cell clusters and tissues.
The cadherin proteins are comprised of three domains, an intracellular, a transmembrane, and an extracellular domain. The intracellular domain is linked to the actin filaments (F-actin). The extracellular domain binds to the corresponding part of cadherins of neighbouring cells. This domain is highly binding specific and accordingly classifies the cadherins in several types (E-, N-cadherins etc.). The expression levels of these cadherin types lead to preferential adhesion organization of the cells and to the formation of different tissues.
In the current paper, our objective is to model cadherin induced cell-cell adhesion and combine it with a mathematical model of cell migration and cell-ECM adhesion. We focus on a particular type of cell migration in which the lamellipodium of the cell plays a pivotal role. It is termed actin-based motility and is employed by fast migrating cells such as fibroblasts, keratocytes, and cancer cells.
There have been several efforts to model and simulate this type of cell migration in the literature, see e.g. [5, 12, 19, 1, 4, 22, 13, 9, 2, 20, 21] . Here, we use and build on the Filament Based Lamellipodium Model (FBLM). This is a two-dimensional, two phase model that describes the lamellipodium at the level of actin-filaments. The FBLM was first derived in [18, 16] and later extended in [10] . When endowed with a particular problem specific Finite Element Method (FEM), the resulting FBLM-FEM is able to reproduce biologically realistic, crawling-like lamellipodium driven cell motility [11, 3, 23] .
Although the FBLM describes the dynamics of the actin-filaments and the lamellipodium, the deduced motility is understood as the motility of the cell. This is primarily because of the predominant role of the lamellipodium in the motility of the model-biological cell (i.e. fish keratocyte) that we consider, [25] . So, for the rest of this work we will not distinguish between the two, and we will use the term cell motility in both cases.
The extensions of the FBLM that we propose in this work account for two phenomena. The exchange of cadherin mediated adhesion, and physical collision forces between two neighbouring cells. These forces are attractive in the case of cell-cell adhesion and repulsive in the case of cell-cell collision. They are introduced in the FBLM via an attractive-repulsive potential that depends, non-linearly, on the relative distance of the two cell membranes. When the cells come close enough, within a cadherin length distance, an attractive force is developed between the two membranes. As the distance between the cells decreases, the adhesion forces increase in magnitude and gradually collision repulsion forces between the cell membranes emerge. These increase in magnitude faster than the cadherin adhesion forces (which remain bounded) and an equilibrium between the two types of forces is quickly achieved. The (repulsion) collision forces are not bounded and, if they increase above a particular threshold (corresponding to an extremely small distance between the membranes), the polymerization of the filaments involved in the collision ceases. This ensures that the two cells will not overlap each other.
The rest of the paper is structured as follows: in Section 2 we briefly discuss the FBLM and some of its main components, including the polarization of the lamellipodium and the calibration of the polymerization rate. In Section 3 we present the new components of the FBLM. We derive in detail the (sub-)model for the collision and adhesion forces, and justify it biologically. In Section 4 we discuss the coupling of the FBLM with the extracellular environment and its response to chemical and haptotaxis stimuli. Finally in Section 5 we present three numerical experiments. The first two exhibit and compare the effects of cell-cell collision and cell-cell adhesion in the migration and morphology of the cells, and one that exhibits the first stages of cell-cluster formation and its response to a variable chemical and haptotaxis environment. In the final experiment we compare our deduced cell morphologies with the ones of HeLa Cancer cells under in vitro cell-cell interaction and migration.
The FBLM.
We present here only the main components of the FBLM and refer to [18, 16, 15, 10, 11, 3, 23] for more details.
The FBLM is a two-dimensional model that describes the lamellipodium of living cells by including key bio-mechanical processes of the actin-filaments, of the interactions between them, as well as the interactions with the extracellular environment. The basic assumptions behind the FBLM are the following: the lamellipodium is a two dimensional structure, comprised of actin filaments that are organized in two locally parallel families (which are denoted by the superscripts ±). The two families of filaments cover a ringshaped domain between the membrane of the cell and its interior. In the "inside" part of the cell, behind the lamellipodium, further cellular structures are to be found, e.g. nucleus and more. We will henceforth refer to the combined lamellipodium-intracellular space as "cell" or "FBLM-cell", see e.g. Figure 1 .
The filaments of the two families are indexed by the continuum variable α ∈ [0, 2π), and are parametrised by their arclength
where L ± (α, t) is the maximal length of the filament α at time t. The plus ends of the filaments (at s = 0) of every family define the outer boundary of the family and "coincide" with the membrane of the cell,
For every (α, s, t) holds that
This arclength condition can be understood as an inextensibility constraint between the subsequent monomers that comprise the filaments. Moreover, we assume that filaments of the same family do not cross, i.e.
and that filaments of different families cross at most once The FBLM is comprised of the force balance system
where
and where the ± notation has been dropped here to focus on one of the two filament families. The other family, for which a similar equation holds, is indicated by the superscript * .
The function η(α, s, t) represents the local density of filaments of length at least −s at time t with respect to α. Its evolution is dictated, along with L(α, t), by a particular submodel that includes the effects of actin polymerization, filament nucleation, branching, and capping. The derivation of this submodel is thoroughly discussed in [10] .
The first term of the FBLM (6) describes the resistance of the filaments against bending, the second term describes the tangential tension force that enforces the inextensibility constraint (3) with the Lagrange multiplier λ inext (α, s, t), and the third term describes the friction between the filament and the substrate. The material derivative operator
describes the velocity of F-actin relative to the substrate, and v(α, t) ≥ 0 is the polymerization rate at the leading edge of the filaments. Similarly, D * t := ∂ t − v * ∂ s is the corresponding material derivative operator for the * -family. The pressure term in (6) encodes the Coulomb repulsion between neighbouring filaments of the same family, where the pressure p(ρ) is given through the density of actin as
The two last terms in (6) model the resistance of the cross-link proteins and branch junctions against changing the inter-filament angle
away from the equilibrium angle φ 0 , and against stretching.
The system (6) is also subject to the boundary conditions
The right-hand side of (9a) describes various forces applied to the filament ends. At s = 0 (cell membrane), the force in the direction ν orthogonal to the leading edge arises from the constraint (2) with the Lagrange parameter λ tether . The forces at the inner end-point s = −L model the contraction effect of actin-myosin interaction and are directed toward the interior of the cell, refer to [10] for details.
Lamellipodium polarization.
Fundamental to the motility of the cells is the polarization of the lamellipodium. The effective pulling force becomes stronger in the direction of the wider lamellipodium and the cell migrates accordingly.
This is also encoded in the FBLM where the maximal filament length L(α, t) (and hence the local width of the lamellipodium) depends directly on the local polymerization rate v(α, t). This was previously modelled in [10] , where based on the capping, severing, and filament nucleation processes, it was deduced that
Note the monotonic relation between the polymerization rate v(α, t) and the lamellipodium width L(α, t). This is used in the FBLM to control the polarization of the lamellipodium and the migration of the cell.
Adjusting the polymerization rate.
We account for two different mechanisms that adjust the polymerization rate v(α, t). The first is the response of the polymerization machinery to extracellular chemical signals, as they are perceived by the cell through specialized transmembrane receptors. The second mechanism represents various (unspecified in this work) intracellular processes that might cut off, enhance, or otherwise destabilize the polymerization rate, independently of extracellular chemical or other stimuli.
The first mechanism responds to the density of the chemoattractant c at the plus ends (s = 0) of the filaments
We assume that the polymerization rate is adjusted between two biologically relevant minimum and maximum values v min , v max in the following manner
where the coefficient λ res represents the response of the cell to changes of the extracellular chemical. The second mechanism describes the response of the polymerization machinery to internal destabilization processes that might lead to a plethora of phenomena such as persistent or abruptly changing very high or very low polymerization rates, etc. We understand the biological significance and distinctive functionality of these mechanisms, and employ them both. Overall, the polymerization rate v ± is given by
where D stb describes the internal controlling mechanism that can potentially depend on a large number of cellular processes. 3 Cell-cell adhesion and collision.
The FBLM is developed in a modular way in which every contribution accounts for the potential energy stored in the lamellipodium by the action of the corresponding biological component, see e.g. [18, 17, 10] . In a similar fashion, cell-cell adhesion and collision are incorporated in the FBLM as additional potential energies acting at the plus-ends of the filaments. To that end we make the following simplifying modelling assumptions:
Assumption 1: When two cells come in adhesion proximity (a given parameter of the model), the extracellular domains of their cadherins attach and bind with each other. This introduces attractive forces exerted on the plus ends of the actin-filaments on which the intracellular domain of the cadherins are linked to. These adhesion forces increase to a maximum value (a given parameter of the model) with the decrease of the cadherin binding length, Assumption 2: Upon collision, repulsion forces are developed between the two cells and increase rapidly. By nature, these forces can be unbounded, and they soon counteract the effect of the cadherin adhesion forces. We model the collision forces pro-actively, i.e. they appear shortly before the two cells collide (a given distance parameter of the model). Furthermore, to avoid the physical overlapping of the cells, actin polymerization ceases when the collision forces become too large (a given parameter of the model).
We combine the assumptions on adhesion and collision forces, and introduce an attraction-repulsion potential of the form:
whereF (α, 0, t) is the projection of point F (α, 0, t) on the other cells' membrane, and
where µ R represents the intensity of the attraction-repulsion force, d 2 is the maximal distance for adhesion attraction and r 1 and r 2 read:
),
Thus defined, the function Φ(r) is as depicted in Figure 3 , d 1 being the size of the repulsion zone, d 2 the maximal attraction distance. Note that by (13a) the combined adhesion-collision force is applied on the membranes of the cells and is compactly supported i.e the two cells will only interact as long as their membranes are at distance lower than d 2 .
To incorporate this new mechanical feature in the FBLM, we compute the variation of U ar from (13a):
Furthermore, we assume that the polymerization machinery is destabilized by cell-cell interactions. In particular, when the collision repulsion forces become too large (above a given threshold Φ * > 0), we set the local polymerization rate to 0. On the contrary, when the combined adhesion-collision is attractive, we increase the polymerization rate locally. These considerations are supported by biological studies showing the effects of pulling forces on actin polymerization such as in [7] . More specifically, we adjust the polymerization rate locally by setting:
4 Cell-environment interactions.
To account for more biologically realistic situations, we embed the FBLM in a complex and adaptive extracellular environment. The particular coupling of the FBLM with the extracellular environment that we consider here, was previously proposed in [23] . We give here a brief description.
We consider an extracellular environment that is comprised of the ECM -represented by the density of the glycoprotein vitronectin v onto which the FBLM cells adhere through the binding of the integrins-an extracellular chemical component c that serves as chemoattractant for the FBLM cell(-s), and the matrix degrading metalloproteinases (MMPs) m that are secreted by the cell and participate in the degradation of the matrix. In our formulation, these environmental components are represented by the density of the corresponding (macro-)molecules. Overall the model of the environment reads:
, and where X − is the characteristic function of the corresponding set. P denotes the support of the pipette(-s) that inject the chemical c in the environment, and the FBLM cell(-s) influence the environment through X C(t) (x), where C(t) ⊂ R 2 represents the full cell (lamellipodium and internal structures).
The model of the environment (17) and the FBLM (6) are coupled at three different places: at the characteristic function X C in (17) , where the cell C produces MMPs and degrades the chemical, at the adhesion coefficient µ A in (6) which reflects the density of the ECM influences the migration of the cell, and in the polymerization rates v ± ext of the filaments in (11b) which are primarily adjusted according to the density of the extracellular chemical c.
Despite the simple structure of the model (17) , and the numerous biological simplifications we have made, we are able to reconstruct with the FBLMenvironment combination, realistic and complex biological phenomena, see e.g. Experiment 3.
Experiments and simulations.
We present three indicative experiments to study the effect of the collision and adhesion components of the FBLM on the migration and morphology of the cells. The first experiment highlights the mechanical effect of cell-cell collision. In the second experiment, we include the adhesion effect of the cadherin protein. In the third experiment we embed several FBLM cells in the same environment and study the first stages of a cell cluster development. In this experiment we also compare our results with a particular biological setting involving the migration of HeLa cells. To avoid physical overlapping of the cells, the collision forces act proactively, i.e. when the cells come closer than a pre-defined threshold distance. In this experiment, this distance is set to 5. When this occurs, the collision forces increase rapidly in magnitude, and when they become very strong (stronger the a predefined threshold), the polymerization of the corresponding filaments ceases. This threshold is set to be 0.01 in this experiment; the rest of the parameters are given in Table 1 .
In Figure 4 we present the corresponding simulation results. After a short time, during which the size of the cells is adjusted to the environmental conditions, the cells collide. The forces that the cells exchange are repulsive and applied symmetrically on the plus ends of the filaments of the two cells; their effect is seen in the deformation of the cells. When they become very strong, the polymerization of the corresponding filaments ceases. At the non-colliding regions, the polymerization continuous and the cells slip by each other. After moving away from each other, the cells recover the morphology they had before the collision. This implies that the deformation due to collision is elastic. This remark can serve as a starting point to measure the elastic modulus of the lamellipodium when cell-type specific experimental evidence are considered.
In Figure 5 we visualize the force exchange between the two cells. When the distance of the two cells becomes shorter than the (predefined) threshold, the repulsive forces are applied at the plus ends of the corresponding filaments. The magnitude of the forces increases as the distance between the filaments decreases. When the forces reach a maximum value, the corresponding polymerization rates cease. The overall effect is that the cells have the tendency to maintain the threshold distance between then cells.
Experiment 2 (Cell-cell adhesion). In this experiment the setting, initial conditions, and the parameters considered, are the same as in the Experiment 1. We augment though, this time, the FBLM with the effect of cadherin forces. These forces are complementary to the cell-cell collision forces and are incorporated in the FBLM in a similar way, see Section 3. With a close-up in the adhesion zone, we visualize the cadherin adhesion forces. They are exerted at the plus ends of the filaments and are opposite to each other. In the middle region, the adhesion forces have been balanced by the repulsive collision force.
When the distance between the two cells reaches the cell-cell collision threshold, the repulsive collision forces are introduced and counterbalance the attractive adhesion forces. Unless the relative position of the cells change (possibly due to other reasons), the equilibrium between the adhesion and collision forces is maintained. The adhesion threshold distance in this experiment is to 15, where as the collision threshold distance is set to 5. When the collision forces become larger than 0.01 the polymerization of the filaments ceases.
In Figure 6 we visualize the simulation results of the combined effect of collision and adhesion in the deformation of the cells and their tendency to "stick together". It can be seen that at the endo f the contact zones, the adhesion forces are more eminent, whereas in the middle of these zones, no forces are visible. There, the adhesion and collision forces are in equilibrium.
As the cells continue their migration, they slip by each other and their contact zones get stretched due to the adhesion between them. As a result, each cell develops a tail that quickly retracts when the adhesions break.
We can quantify the effect of cadherin forces, by comparing the average speed of the cells in the two experiment. In the cell-cell collision Experiment 1, the cells collide at time t = 5 at x = 0 and reach x = 100 at time t = 37 i.e. with an average speed 100/(37 − 5) = 3.125. Similarly, the approximate speed in the cell-cell adhesion case is estimated by 100/(43−5) = 2.625. The difference between the two speeds (although they are not precisely measured) is another effect of the adhesion in the migration of the cells.
In Figure 7 we visualize a close-up in the tails that the cells develop; there the adhesion forces are clearly visualized. As noted previously, these forces come in pairs, are contractile, and are mostly visible at the ends of the contact zone. The adhesion forces exerted on the filaments in the middle of the zone have been counterbalanced by the repulsive collision forces. 
Experiment 3 (Cluster formation).
In the next experiment we embed several FBLM cells in the same extracellular environment. They collide and adhere with each other, they form a cell cluster and we study the first steps of its migration under the influence of an adaptive adhesion and chemical environment.
We consider We assume that the cells respond to the chemical and haptotaxis gradients of the environment while at the same time colliding and adhering to each other. The overall model is comprised by 14 FBLM equations of the form (6), one for each cell, and one system for the environment (17) in which the characteristic function X C(t) , in the degradation of the chemical and the production of the MMPs, is replaced by
where C i (t), i = 1 . . . 14 represent the support of the cells, i.e. the area occupied by the lamellipodium and the inner part of the cells. We assume that all the cells are of the same type and satisfy the FBLM (6) with the same parameters; these are given in the Table 1 . Their adhesion and collision threshold distances have been set to 15, 5, respectively and the collision force threshold to 0.01. The parameters for the environment (17) are given in Table 2 .
In Figure 8 we present several snapshots of the time evolution of the cluster. The cells respond to the gradient of the ECM v, they elongate and align themselves with the higher density of the ECM. The effect of cell-cell adhesion is evident primarily in the cells that are found in the ridges of Table 1 : Basic set of parameter values used in the numerical simulations of the FBLM in all the experiment of this work. These parameters have been adopted from [11, 23] .
the ECM. As they are pulled by the neighbouring cells that have already climbed on the higher ECM density regions, they get stretched and elongate in a way "perpendicular" to the direction of the ECM. At the same time the cells, and primarily the leading ones, are directed towards the source of the chemical; due to the cell-cell adhesion the whole cluster moves slowly in the same direction.
We do not reproduce in this experiment a particular biological experimental setting. Still the resulting cell morphologies are very close to the biological reality. We exhibit this remark in Fig. 9 where we compare our simulation results, taken from Fig. 8 (g) , with a particular biological experiment of HeLa cells. In particular, from one frame of the video [26] -where the time evolution of a (relatively large) cluster of HeLa cells is observed in-vitro-we "cut out" some of the HeLa cells and superimpose them on our simulations.
6 Discussion.
We propose in this work an extension of the actin-based cell motility model (6), termed FBLM, to account also for the collisions and the adhesions be- tween cells. This is achieved by modelling the effect of these two phenomena on the lamellipodium through a single attractive-repulsive potential, (13a), which is then incorporated in the FBLM.
We deduce the adhesion-collision potential (13a) based on a series of biological assumptions, namely: the adhesion forces are attractive and appear when the cells are in proximity, in a distance justified by the size of the cadherin protein.
As the distance between the cells decreases, the magnitude of the adhesion forces increases. The adhesion forces can have a maximum value that represents the maximum "pulling" strength of the cadherin protein. When the cells come in closer proximity, repulsive collision forces appear. The collision forces increase rapidly as the distance between the cells decreases. They are unbounded in magnitude and soon counteract the adhesive effect of the cadherins. Both forces are exerted on the plus-end of the filaments and through them are transferred to the cytoskeleton and the rest of the cell. Accordingly, they participate in the s = 0 boundary conditions of the FBLM, (15a).
We study the cell-cell collision and adhesion through three particular experiments: we first simulate the elastic deformation of two cells when only collision is considered. We notice there, the restoration of the cells to their previous morphology after the collision forces cease. We then incorporate and simulate the effect cadherins in the FBLM. We notice the differences in the deformation of the cells as opposed to the collision-only case, the tendency of the cell to "stick together" and the elastic retraction fo their "tails" when eventually the adhesion forces break. We then embed a number of cells in a non-uniform (haptotaxis and chemotaxis wise) environment while allowing them to collide and adhere with each other. We then compare the results with a in vitro experiment of migrating HeLa-cell cluster. We notice the striking similarity of between the simulated and the experimental.
Overall, the cell-cell collision and adhesion extensions of the FBLM that we propose in this paper is of utmost importance for a large number of biologically relevant studies, ranging from cell-cluster and monolayer formation to cancer invasion.
